THE HARMONIC MEAN CURVATURE FLOW OF NONCONVEX 

SURFACES IN 



PANAGIOTA DASKALOPOULOS* AND NATASA SESUM* 

Abstract. We consider a compact star-shaped mean convex hypersurface 
C M'^. We prove that in some cases the flow exists until it shrinks to 
a point . We also prove that in the case of a surface of revolution which is 
star-shaped and mean convex, a smooth solution always exists up to some finite 
time T < oo at which the flow shrinks to a point asymptotically spherically. 



1. Introduction 

We will consider in this work the deformation of a compact hyper-surface Sf in 
R'^ with no boundary under the harmonic mean curvature flow (HMCF) namely 
the flow 

which evolves each point P of the surface in the direction of its normal unit vector 
with speed equal to the harmonic mean curvature of the surface G/H, with G 
denoting the Gaussian curvature of Et and H its mean curvature. Here v denotes 
the outer unit normal to the surface at P. This flow remains weakly parabolic 
without the condition that St is strictly convex. However, it becomes degenerate 
at points where the Gaussian curvature G vanishes. 

The existence of solutions to the HMCF with strictly convex smooth initial data 
was first shown by Andrews in jH] who also showed that under the HMCF strictly 
convex smooth surfaces converge to round points in finite time. In [18;, Dieter 
established the short time existence of solutions to the HMCF with weakly convex 
smooth initial data. More precisely, Dieter showed that if at time t — Q the surface 
So satisfies G > and H > 0, then there exists a unique strictly convex smooth 
solution St of the HMCF defined on < t < t, for some t > 0. By the results of 
Andrews, the solution will exist up to the time where its enclosed volume becomes 
zero. 
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In [5] Caputo and the first author considered the highly degenerate case where 
the initial surface is weakly convex with flat sides, where the parabolic equation 
describing the motion of the surface becomes highly degenerate at points where 
both curvatures G and H become zero. The solvability and optimal regularity of 
the surface E(, for t > 0, was addressed and studied by viewing the flow as a free- 
boundary problem. It was shown that a surface Eq of class C'''^ with fc > 1 and 
0<7<lati = 0, will remain in the same class for t > Q. In addition, the strictly 
convex parts of the surface become instantly C°° smooth up to the flat sides on 
t > 0, and the boundaries of the flat sides evolve by the curve shortening flow. 

The case G < was recently studied by the flrst author and R. Hamilton in 
[7j, under the assumption that the initial surface is a surface or revolution with 
boundary, and has G < and H < everywhere. It was shown in J7\ that under 
certain boundary conditions, there exists a time Tq > for which the HMCF admits 
a unique solution E( up to Tq, such that iJ < for all t < To and H{-,To) = 
on some set of sufficiently large measure. In addition, the boundary of the surface 
evolves by the curve shortening flow. 

In this work we address the questions of short time and long time existence and 
regularity of the HMCF under the assumption that Sq is star-shaped with H > 
but with G changing sign. 

Let Af^ be a smooth, compact surface without boundary and Fq : AP 
be a smooth immersion of M^. Let us consider a smooth family of immersions 
F{-, t):M'^^ S? satisfying 

(HMCF) ^E^^.^(^p^t)-v{p,t) 

where k, = G/H denotes the harmonic mean curvature of Ei := F{M'^, t) and ly its 
outer unit normal at every point. This is an equivalent formulation of the HMCF. 

For any compact two-dimensional surface which is smoothly embedded in 
M'^ by F : Af^ — > R^, let us denote hy g = [gij) the induced metric, and by V 
the induced Levi-Civita connection. The second fundamental form A — {ft-y } is a 
symmetric bilinear form A{p) : TpH x TpM M, defined by A{u,v) — {VuV,v). 
The Weingarten map W{p) : TpY, TpE of TpM given by the immersion F with 
respect to the normal ly, can be computed as /i* = g^^hkj- The eigenvalues of W{p) 
are called the principal curvatures of at p and are denoted by Ai = Ai(p) and 
A2 = A2(p). The mean curvature H :— trace(W^) = Ai + A2, the total curvature 
|Ap := trace(W^* W) + \l and the Gauss curvature G = det = Ai A2. 
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Remark 1.1. We will recall some standard facts about homogeneous of degree one 
functions of matrices that can be found in 1 . The speed speed n of the interface 
evolving by the HMCF can be viewed as a function of the Weingarten map W 
and therefore, more generally, as a function k : 5 ^ R, where S denotes the set 
of all symmetric, positive transformations of TS^ with strictly positive trace. Let 
Ai,A2 be the eigenvalues oi A E S. We can then define the symmetric function 
/(Ai,A2) := k{A). We have: 

• If / is concave (convex) and A^ > Aj, then — is negative (positive). 

• Let k e TE (g) T*i; (g) TE (g) T*E denote the second derivative of k at the 
point A E S. If A is diagonal, then 



The outline of the paper is as follows: 

i. In section [2] we will establish the short time existence of (HMCF), under the 
assumption that the initial surface Sq is compact of class C^'^ and has H > 0. 
To do so we will have to bound H from below away from zero independently 
of e. This does not follow naturally from the evolution of H. To obtain such a 
bound we need to combine the evolution of H with the evolution of the gradient 
of the second fundamental form. This explains our assumption that E G C^'^. 

ii. In section [3] we will study the long time existence of the regularized flow 
(HMCFe) (defined in the next section). We will show that there exists a max- 
imal time of existence Te of a smooth solution of (HMCFg) such that either 
H{Pt,t) ^ 0, as t Te at some points Pt £ Ej, or Ej shrinks to a point 
as t — > Tf. In addition, we will establish uniform in e curvature bounds and 
curvature pinching estimates. In the special case where the initial data is a 
surface of revolution, we will show that the flow always exists up to the time 
when the surface shrinks to a point. 

iii. In section|4]we will pass to the limit, e ^ 0, to establish the long time existence 



Our goal in this section is to show the following short time existence result for 



(1.2) 




of (HMCF). 



2. Short time Existence 



the HMCF. 
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Theorem 2.1. Let Eq be a compact hyper-surface in M.^ which is of class C^'^ and 
has strictly positive mean curvature H > 0. Then, there exists T > for which 
the harmonic mean curvature flow HHMCF]) admits a unique C^'^ solution Et, such 
that H >0 onte [0,T). 

Because the harmonic mean curvature flow becomes degenerate when the Gauss 
curvature of the surface changes sign, we wih show the short time existence for 
equation (IHMCFp by considering its e-regularization of the flow dcflncd by 

(HMCF.) _i=_(_ + ,H).^ 

and starting at Eg- We wih denote by E^ the surfaces obtained by evolving the 
initial surface Eq along the flow ([HMCF^)- 

Since the right hand side of ( [HMCFe] ) can be viewed as a function of the second 
fundamental form matrix A, a direct computation shows that its linearization is 
given by 



d f G 

Ce{u) = i— + eH ) V, Wku = af V, VfeU 



wi 



th 



Notice that if we compute af^ in geodesic coordinates around the point (at which 
the matrix A is diagonal) we get 

(2.2) af= ( TxTlT^ + ' 



(Ai+A2)2 ' 

which is strictly positive definite, no matter what the principal curvatures are. 

The following short time existence for the regularized flow (|HMCF7| follows from 
the standard theory on the existence of solutions to strictly parabolic equations. 

Proposition 2.2. Let Eq be a compact hyper-surface in M.^ which is of class C^'^ 
and has strictly positive mean curvature H > 0. Then, there exists T^ > 0, for 
which the harmonic mean curvature flow ^HMCF^ admits a smooth solution E^, 
such that H > on t ^ [0,T(;). 

Our goal is to show that if the initial surface Eq is of class C^'^, then there 
is a To > 0, so that > Tq for every e and that we have uniform estimates on 
-Fe, independent of e, so that we can take a limit of i^^ as e --> and obtain a 
solution of (jHMCFp that is of class C^'^. The main obstacle here is to exclude that 
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He{Pe, te) ^ 0, as £ — > 0, for some points Pe e and times te — > 0. Notice that 
our flow cannot be defined at points where H = 0. 

Notation. 

• When there is no possibihty of confusion, wc will use the letters c, C and Tq for 
various constants which are independent of e but change from line to line. 

• Throughout this section we will denote by Ai, A2 the two principal curvatures of 
the surface at a point P and will assume that Ai > A2. 

• When there is no possibility of confusion we will drop the index e from H, G, A, gij , 
etc. 

The next lemma follows directly from the computations of B. Andrews in [T] 
(Chapter 3). 

Lemma 2.3. //S^ moves by ![HMCF^\ ), with speed := jj + eH, the computation 
in yy gives us the evolution equations 

Note that if k ^, we have 
hence 

(2.4) |^/.^V" = ^^A? = 2.^ + e|Ap 

with jylp = A^ + A2. Wc then conclude from the above lemma that H and satisfy 
the evolution equations 



and 



(2.5) f^H = C,H + ^^^V^/jPV.C + i2^' + e \A\^) H 



(2.6) ^=jr,K, + {2K'+e\A\^)Kl 

at 



We will now combine the above evolution equations to establish the following 
uniform bound on the second fundamental form. 
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Proposition 2.4. There exist uniform constants C and Tq so that 
(2.7) max|A| < C, Vi G [0, min(re, Tq) ). 



Proof. Recall that H satisfies the equation (|2.5p . If we multiply this equation by 
H, we get 

with K = G/ H. Notice that the definiteness of the matrix D^Kg = i oh'^dh^ ] depends 
on the sign of H. It is easier to check this in geodesic coordinates around a point 
at which the Weingarten map is diagonalized. In those coordinates, by p.2p . we 
have 

p,q,m,l ^ p,g ^ p^tq ^ 

where the matrix D^k^ := [ ] is given by 



and for p ^ q, 



2-^2 2A1A2 \ r, / \2 \ \ 

"IIT+A^F lAT+XIF ^ f_ -^2 -^iA2 

2A1A2 2A^ I \ \ \ \2 

JM+^ "(A1+A2)- / V 1 



Ap — Xq 

It is now easy to see that 



Xp — Xq Xp Xq H 



(2.9) aBk''^''''''--''-' 

hence 

(2.10) ^ <C,{H^) + 2{2k'' + e\A\^)H^. 
Similarly, from the evolution of Ate, namely (|2.6p . we obtain 

(2.11) ^<c,(^^^^) + 2(2K^ + e\A\^)^l 

We observe that because of the appearance of the second fundamental form 
in the zero order term of the equations (|2.10p and (|2.1ip . we cannot estimate the 
maximum of and directly from each equation using the maximum principle. 
This is because the surface is not convex. However, it is possible to estimate the 



THE HARMONIC MEAN CURVATURE FLOW OF NONCONVEX SURFACES IN 7 

maximum of + by combining the two evolution equations. To this end, we 
set AI — + kI and compute, by adding the last two equations, that 

(2.12) ^<C,M + 2{2K^ + e\Af)M. 
We will show the bound 

(2.13) + e\Af <C{H^ + k"^,) 

for some uniform in e constant C, where — k + e H and k = G/H. Since k < 
it will be sufRcient to show that 

(2.14) \A\^ <C{H^ + 

Expressing everything in terms of the principal curvatures Ai and A2, the above 
reduces to the estimate 

a; + a^^c((a. + a.,»+(A^)| 

If A2 = the above inequality is clearly satisfied. Assume that A2 < Ai with A2 7^ 
and set /i = A1/A2. Since = Ai + A2 > 0, we conclude that > 1. Then, the 
last inequality is expressed as 

1 + 1 



which can be reduced to showing that 

a + ii? 1 

^ — r^ + T. ^ ^c>o 

^2 (1+^)2 

for a uniform constant c, since > 1. This inequality is clearly satisfied when 
1^1 > 1. Hence, (ET^ holds. 

Applying (|2.13[) on (|2.12p we conclude get 

at 

for some uniform constant 6. The maximum principle then implies the differential 
inequality 

C^^^max n , ,2 

which readily implies that 

max M <C, G [0, min(T, , Tq) ) 

for some uniform in e constants C and To- This combined with p.l4p implies (|2.7p 
finishing the proof of the proposition. □ 



8 



PANAGIOTA DASKALOPOULOS* AND NATASA SESUM* 



To establish the short existence of the flow (IHMCF|) on (0, To) for some Tq > 0, 
we still need to bound H from below away from zero independently of e. This does 
not follow naturally from the evolution of iJ, because the equation (|2.5p carries a 
quadratic negative term which depends on the derivatives of the second fundamental 
form. Hence to establish the lower bound on H we need to combine the evolution 
of H with the evolution of the gradient of the second fundamental form. This is 
shown in the next proposition. 

Proposition 2.5. There exist uniform in e positive constants Tq, C and 6, so that 
\VA\ <C and H > S, on S^" 

forte [0,min(T„ro)). 

Proof. We will first compute the evolution equation for J2i j l^'^iP- Lets first see 
how hj evolves. We have 

— h^ - £ (h^) + V'hPy'h' + ^^h' HP h' 

^From the previous equation, commuting derivatives we get 

+ dhpqdhi^^ "p^'-^'"'^ + dhi^dhi'-'''^^p''"^''^^ 

Let w = Y.r,j Since \Vh{\'^ = gP'^V ph{V qhi'^ and ^ = 2Ke/iy, we get 

^ = -4gP-g'^'^,hab^phlW,hl + £,{w) ~ 2k,{^^hl^^hl)+ 



dh'' dh'^dh^ ™- p i °' ^ 



-I o''°V'/t'^V V /i' V /i-' H o''°V h^h^hP y + 
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Whenever we see i and j in the previous equation we assume that we are summing 
over all indices i and j. Also, 

Notice that since \A\ < C for aU t e [0, min(re, To) ), we have 

< —— and „. < 



' dh^dhl^ ' - i/3 ' dh$dh'„-^dhi ' " 

for a uniform constant C. 

We next compute the evolution equation for 1 /H from the evolution of H , namely 
equation (|2.5p . By direct computation we get that 

Taking away the second negative term on the right hand side we easily conclude 
the differential inequality 

5,1, ^ , 1 , Cw C 

Combining the evolution equations of w and 1 / H we will now compute the evolution 
equation for 

V:=z. + 1. 

We look at the point (P, t) at which V achieves its maximum at time t and choose 
coordinates around P so that both, the second fundamental form and the metric 
matrix are diagonal at P. Using the exact form of coefhcients af^ = computed 
in ([^ we get 

+ (A? + A^)(ViV2Mf ]. 

Our goal is to absorb all the remaining terms that contain the second order deriva- 
tives, appearing in the evolution equation for V, in the good term (|2.16|) . By looking 
at the evolution equation of w, we see that those second order terms are 



-p — ^„™v V^ft^V /?' V 
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and 



where we understand summing over all indices. Denote by := Vr/iJ„ and by 
:= VpVq/i;^. If we specify the coordinates around the maximum point P in which 
W and g are diagonal, by p.2p 



(2.17) 



dn dn 

UAnAn , An An 



2A A 1 
H 



Since |A| < C and 



1 _ Ai + A2 ^ |Ai| + IA2I 



H m - m 

by the Cauchy- Schwartz inequality, we can estimate O term by term, namely 



and 



^2 



2Vrhi^Vrhl 



< ^|i + /3i^ivivi/.^p 



, w 



A? 



< c 



w 

IF 



and 



H 



y 2h^ rhl^ rH 



< 



Ai + Aj 



< C-^+/3i(A? + A^)|ViV2/iiP 
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where /3i > is a uniform small number. We can estimate other terms in O the 
same way and combining all those estimates yield 

\0\<C^ + f3Y,k,{W'hlW'hl) 

where /3 > is a small fixed number. 

In order to estimate V , we would like to be able somehow to switch the pair of 
indices {z, r} with {p, q\ so that we reduce estimating V to the previous case of O. 
We will use Gauss-Codazzi equations in the form 

Vihij — Vihij. 

In our special coordinates at the point we have 

(2.18) = Wrig'^'gn ■ V, V + g'' g"'^ oKs + VVr(5*^ V,g«^) 
= VpV,/i,, + Vr{g''gn ■ V, V + Kp'^M''^ jg"") 

We have the following: 

Claim. There is a uniform constant C depending on C, so that 

(2.19) |5(.,t)|c2<C 
as long as \A\ < C. 

To prove (|2.19p we observe that in geodesic coordinates {x;} around a point p, 
which corresponds to the origin in geodesic coordinates, we have 

(2.20) g,,ix) = % + ^R^p,jxPx^ + 0(|a;|3) 
and that an easy computation shows that 

VpVggy (0) = ~'^Ripqj- 

By the Gauss equations, we have Ripqj = hiqhpj—hijhpq, which yields to | VpVqgy | < 
C as long as |^| < C. This together with (|2.20p proves the Claim. 

Combining p.lSp - ()2.19p . we obtain as in the estimate of O, the bound 

\v\<^+pj:k.{v'hiy'hi). 

Similarly, we get the estimate for TZ. We conclude that 

(2.21) \0\ + IT'I + |7^| < ^ + wY^k^iV^hlV^h^. 

i,3 
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Choosing /3 > so that 3/3 < 2 in (I2.2ip and analyzing the right hand side of the 
evolution of w term by term, we obtain the following estimate at the maximum 
point P of V at time t 

Young's inequlity, implies the estimates 



and 



and 



^5 - ^ ije - 



Hence, denoting by f{t) = Vinax(i) we obtain 
(2.22) ^^<C{f + f) 

which implies the existence of uniform constants C and Tq, depending only on C 
and /(O), so that 

sup (4 + y ^ ^' for all t e [0,min(T„To) ). 

This finishes the proof of the lemma. □ 

Having all the curvature estimates (that are proved above) , we can justify the 
short time existence of the C^'-'^-solution to the (|HMCF[) . 

Proof of Theorem \2.1\ For every e > 0, let be the maximal time so that 

l^lci(sj) < and H>5>0 

where C,S are constants taken from Proposition 12.51 Take now e; — > 0. We have 
that 1^1^1(52^.) < C, which implies \Fe-\c^.i < C, for all t £ [0,Tq]. By the Arzela- 
Ascoli theorem there is a subsequence so that F^. (•, t) — + F{-, t), where F{-, t) is a 
C^'^ solution to (jHMCFp . Since we have a comparison principle for C^'^ solutions to 
as discussed above, the uniqueness of a C^'^ solution immediately follows. □ 
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3. Long time existence for the e-flow 

In this section we will study the long time existence for the e-regularized flow 
dHMCFel ) assuming that Eq is an arbitrary smooth surface with mean curvature 
H > 0, Euler characteristic x(So) > and it is star-shaped with respect to the 
origin. Throughout the section we fix e > sufficiently small, we denote by the 
surface evolving by dHMCFj] ) and, to simplify the notation, we drop the index e 
from F, V. H, G, k, A, gij, hij etc. The e-flow has one obvious advantage over (jl.ip . 
it is not degenerate and therefore it has smoothing properties. Indeed, it follows 
from the Krylov and Schauder estimates that a C^'^ solution of dHMCFe] ) is C°° 
smooth. 

Assume that is a solution of ( [IIMCFt] ) on [0, Te) and let us consider the 
evolution equation for the area form c?/it, namely 

^ dfit ^^2{^ + eH)^ dfit = -{G + eH^) d/i*. 

Integrating it over the surface we obtain the following ODE for the total area 
/it(Et) of the surface E| 

f^M^l)^- JJG + eH^)d^lt. 

By the Gauss-Bonnet formula we have 

/ Gdfit = 27Tx{^t). 

Since Eq is a surface with positive Euler characteristic, then by the uniformization 
theorem x(Et) = 2 and therefore we conclude the equation 

(3.1) ^Mt(SD--4 7r-e J^^H^df^. 

Denote by the maximum time of existence of (|HMCF7|. Integrating (|3.1[) in 
time from to T^, solving with respect of and using that /it(S() > 0, gives 

This, in particular shows that 

(3.2) T, < ^Mo(So) 
where fj-oC^o) is the area of the initial surface Sq. 
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Our goal is to prove the following result, concerning the long time existence of 
the flow dHMCFeD . We will also establish curvature bounds and curvature pinching 
estimates which are independent of e. 

Theorem 3.1. Let Eq be a compact star-shaped hyper-surface in M"^ which is of 
class C^'^ and has strictly positive mean curvature H > 0. Then, there exists a 
maximal time of existence of a smooth dHMCFel flow S* such that either: 

(i) H(Pt,t) ~f 0, as t at some points Pt € Sj, or 

(ii) E* shrinks to a point as t T,, and Te is given explicitly by 

(3.3) T. = l-,oi^,)-±-l" Ih^,, 

where ^o{12q) is the total area of Eq- Moreover, J^^ d^t is uniformly 
hounded for all t G [Q,T^), independently of t. 

Assume that (i) does not happen in Theorem 13. II Then, we have 

(3.4) minff(-,t) > (5 > 0, for aU t e [0, T,) 
where is the maximal existence time of a smooth flow E*. 

Proposition 3.2. Assuming that (i) doesn't happen in Theorem \3.1[ then the max- 
imal time of existence T of the flow dHMCFg"] ) satisfies T < /xo(Eo)/47r and 

limsup 1^1 ~ oo. 

t->T 

Proof. The bound T < Mq/Att is proven above. Assume that max^* \A\ < C for 
all t E [0,r). Then we want to show that the surfaces E^ converge, as t ^ T, to 
a smooth limiting surface E|,. Similarly as in 8 , using the curvature bounds we 
have, for all < tt < t2 < T , the bounds 

\F{p,ti)-F{p,t2)\<C\t2-t,\ and j^^.^f < C 

for a uniform in t constant C, which imply that F{-, t) converges, as t ^ T to some 
continuous surface Ef . We get uniform C^-bounds on F out of the bound on |y4|. 
Since our equation is uniformly parabolic and the operator k is concave, by Krylov 
and Schauder estimates we obtain all higher derivative bounds. 

We have just shown that the surface E|, is C°° smooth. Also from our assumption 

H{-,T)>S>0, onE^. 
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By Proposition 12.21 there exists > for which a smooth flow can be contin- 
ued on [T, T + Tc), which contradicts our assumption that T is maximal. Hence, 
limsup^^j^^ \ A\ = oo and the result follows. 

□ 

3.1. Monotonicity formula. We will now show the monotonicity property of the 
quantity 

along the flow (jHMCF^). This will play an essential role in establishing the long 
time existence. Similar quantity was considered by Smoczyk in ^16j. 

Lemma 3.3. Assuming that qe{0) '■= mins,, (i^^ , z/) > 0, the quantity 

q,{t) := mm{{F,,i^) + 2t k,) 

is increasing in time for as long as the solution exists. Hence, 

q^{t) := min((Fe,J/) +2<Ke) > qe{0) > 0. 

Proof. We will compute the evolution of and apply the maximum principle. We 
begin by computing the evolution of {F^, v). We have: 

since 

'^iV = KjCj, VtCj = -hijV, ViF^ = Ci. 
Using Gauss-Codazzi equation Vihkj = ^jhik and since Vi((e/c,J^)) = we get 

£,((Fe, I/)) = [(V,Fe, hkjCj) + (F, /ife, V^e^) + (F, e^- • V,/i,fe)] 
= af [h,k - h,j hjk {F„v) + {F, ej ■ h,k)] 
= Ke- a'''h,jhjk{Fe, v) + (F,, Vk^). 
On the other hand, since ^ = Vkj, it follows 



which yields 

d_ 

dt 

We also have 



— {F„v) - C,{{F,,v)) = -2K, + a'''h,jhjk{F,,iy). 
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Hence Qe = {F^ ,v) + 2t satisfies 

(3.5) ^ = £,Q, + af V.VfeQe + afh,,h,kQe- 

Notice that the right hand side of (|3.5p is a strictly eUiptic operator and 

afh.jhjk > 0. 
We conclude by the maximum principle that 

dt 

assuming that ge(0) > 0. This imphes that ^^(t) > q^iO) finishing the proof of the 
lemma. □ 

Notice that if instead of we take the quantity 

Q^,e = {F„iy) +2{t + T]) K, 

for any constant 77 G R, the same computation as above yields to that Qn,e satisfies 



dt 

Assume that at time t — 0, we have 

g^^(O) =mm{{F,iy) +2r]K,)>0 

So 

for some 77 G M (notice that F^ — F at t ~ 0). Then, the maximum principle to the 
above equation, gives: 

Proposition 3.4. For any 77 G M, such that <?,,,£ (0) :— mins^ {{F, v) + 2r\K^ > 
the quantity 

q^,,{t) min {{F„ v) + 2[t + ry) ) 
is increasing in time. Hence 

(3.6) g,,„(t) ■.^imn{{F,,v)+2{t + r])K,)> (?,^^(0) > 0. 

Since the initial surface So is star-shaped, we may choose 77 > so that we have 
qri,t{^) > 0. This is possible by continuity, since {F,i/) > 0. By Proposition 13.41 we 
have 

which implies the lower bound 

(3.7) K,^ — +eH>-- 



H - 2{t + r])' 
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We will show next that p.7|) implies a uniform lower bound on k^, independently 
of e. To this end, we need to bound {F^, v), independently of e. This bound follows 
from the comparison principle for curvature flows with the property that the speed 
is an increasing function of the principal curvatures. More precisely, we have the 
following lemma. 

Lemma 3.5. There exists a constant C , independent of e, so that 

(3.8) Ke-=%+iH>-C, Vie[0,T,). 

Proof. We claim that there is a uniform constant C so that \Ff\ < C, for all 
t £ [0,T^). To see that, let tpo : S'^ denote the parametrization of a sphere 

that encloses the initial hypersurface Sq. By the result of B. Andrews in [T], the 
solution '0e(-,O of dHMCFg] ) with initial condition -00 shrinks to a point in some 
finite time T^. Moreover, 

(3.9) f, < f < oo 

for a uniform constant T. 

The standard comparison principle shows that the images of i^e and ipe stay 
disjoint for all the time of their existence. To see this, we consider the evolution of 

d{p,q,t) |F,(p,t)-Ve(g,i)|, (P.q) e ^ X S\ 

Assume that the minimum of d at time t occurs at {po,qo)- If ^ denotes the 
Weingarten map, at that minimum point W{po) > W{q()), so by the monotonicity 
of our speed k^, k^{W{po)) > K^{W{qo)). The maximum principle tells us that 
dmin{t) is non-decreasing and therefore the distance between the images of F^^ and 
is non-decreasing. Hence, they stay disjoint in time. As a consequence of 
that, our hypersurfaces F^{-,t) stay enclosed by the sphere ipo for all times of their 
existence (since V'e('i enclosed by t^o) and therefore |F(:|(-, t) < C for a uniform 
constant C. 

The above bound implies that (i^e , j/) < C, for a uniform in e constant C and all 
t e [0, T,). This together with dSj]) yield to (jSJl). □ 

3.2. Curvature pinching estimates for the e-flow. Define 

J", := {F^,v) +2tK,. 

Notice that division by J-^: makes sense since by Lemma 13.31 {J-e)min is increasing 
in time and (.Fe)niin(O) > 6 > due to star-shapedness. As we showed above, 
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sup^j \Fe\ < C for a uniform constant C. Rewrite the evolution equation for H 
from Lemma 12.31 in the form 

— H = C,{H) + k,{VW,VW) + k,{W^)H 
at 

where W is the Weingarten map and 

R,{yW,^W) = -^^^^hP^ and k,iW') ^ ^h^hP,. 
Then, by direct computation we have 

^'■''^ Ft (I) -^I:^^ (v^,v|) +^trace,.;(VT^,VT^). 



By p.9p . the last term in this equation is negative. Hence, by the maximum 
principle, the supremum of H/T^ is decreasing. In particular, we have: 

Lemma 3.6. Assume that is a solution of dHMCFel on [0,Tc) with Sq as in 
Theorem \2.1\ Then, 



(3.11) sup f <C, on[0,T,) 

for a uniform constant C that depends only on Eq- 

Denote by Ai, X2 the two principal curvatures of the surface Ej at some time t 
and point P. 



Lemma 3.7. If there is some time tg so that liminft^^Q H(-,t) — 0, then 
(3.12) liminf (A? + A^) = 0. 

Proof. Assume liminfj^tg H{-,t) ~ 0. We distinguish the following two cases: 

(i) Ai > and A2 > 0. In this case (|3.12p immediately follows. 

(ii) Ai > and A2 < 0. By Lemma [ 



H 

uniformly in time, which implies 

Ai IA2I < CH + eH^. 

Since liminf(^t„77 = 0, at least for one of the two principal curvatures 
must tend to zero, i.e. 

(3.13) liminf|A,|=0. 

t— >*0 

Since hminft^f;, H = 0, (|3.12p readily follows. 
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□ 

Lemma 3.8. There exist uniform (in time t and e) constants C > and eo > 0, 

such that for every < e < eo, «/ A2 < at P, then 

Ai < C. 

Proof. Since A2 < 0, we have G/H < 0. Hence, from (|3.1ip and the bound 
I {Fe < C'o I for a uniform in time constant C'o , we conclude that 

H <C + CeH 

for a constant C that depends only on the initial data. We conclude that for e < eoj 
with eo sufficiently small depending only on the initial data Eqj we have 

77 := Ai + A2 < C 

from which the desired bound on Ai follows with the aid of the previous lemma. □ 

Lemma 3.9. There exist uniform (in t and e) constants C > and eo > 0, such 
that for every < e < eo we have 

A2 > -C. 

Proof. Assume that A2 < (otherwise the bound is obvious). Then, Ai > (since 
H = Xi + X2 > 0) and by Lemma [531 we have 

■.= ^+eH>-C 
H 

for a uniform in time constant C. Also, by the previous lemma H < Xi < C. 
Hence, 

\X,\<C(l + e)^^<C. 

□ 

Remark 3.10. Lemma \3. ^ imvlies that if the flow terminates because of the blowing 
up of the second fundamental form, that could only happen in the convex region of 
where Ai > 0, A2 > 0. 

Lemma 3.11. There exist uniform (in time t and e) constants C > 0, Co > and 
eo; such that for every e > eo if Xi > Cq at P, then X2 > at P and 

1<^<C. 
A2 
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Proof. From the previous lemma, A2 > if Co is chosen sufficiently large. Hence, 
from the bound (I3.f 1|) wc conclude 

(Ai + X2 f < Ci (Ai + A2) + [ Ai A2 + e (Ai + A2) ] 

(3.14) 

<C7i(Ai + A2) + C2Ai A2 

for some uniform in e and t constants C'l and C2. By taking Cq sufficiently large, 
we can make 

(Ai + A2)2 - Ci (Ai + A2) > i (Ai + A2)^ 
Hence, (|3.f 41) implies the bound 

A^ + A2 < 2 C2 Ai A2 

from which the desired estimate readily follows. □ 

To facilitate future references we combine the previous three lemmas in the 
following proposition: 

Proposition 3.12. There exist eq > and positive constants Ci,C2, uniform in 
< e < £9 fl^c^ ^> so that for every Q < e < eq, we have 
i. A2 > — Ci, and 
ii. Ai < C1A2 + C2. 



In the proof of Theorem [3TT] we will also need the following bound. 
Lemma 3.13. There is a uniform constant C, independent of e and t so that 

dfxt < C. 



Proof. We begin by noticing that that J^^ G d^t is a topological invariant, equal to 
2'Kx, where x is the Euler charactersistic of So- Since x = 2 wc then have 

(3.15) / Gd^tt =47r. 

At any point we can choose the coordinates in which the second fundamental form 
is diagonal, with eigenvalues Ai and A2 as before and Ai > A2. By Lemma [3. 121 we 
have Ai < Ci A2 + C2 which gives the inequality 

G := Ai A2 > — — — Ai. 

Using Cauchy-Scwartz we conclude the bound 

Ai A2 > CiXi — C2 



THE HARMONIC MEAN CURVATURE FLOW OF NONCONVEX SURFACES IN 21 



where Ci,C2 are some uniform constants independent of e and time. This yields 
to the estimate 

^\l + Xl<CiG + C2 
which after integrated over imphes the bound 

with HtC^t) denoting, as above, the surface area of S^. By (|3.ip . HtC^t) — A*o(So), 
where /lo(So) denotes the surface area of Eq. Hence, the lemma readily follows 
from ((XT51) . 

□ 

3.3. The proof of Theorem 13. li Having all the ingredients from the previous 
sections we will finish the proof of Theorem 13.11 



Proof of Theorem \3.1[ Fix an e and let T = be a maximal time up to which the 
flow exists. To simplify the notation we will omit the e-scripts from everything, 
including and the surface S^, denoting them by T and St respectively. Because 
of Proposition 13. 21 the second fundamental form blows up at time T. Hence, there 
is a sequence of — > T and pi G Y.t^ so that 

Qi := \A\(pi,ti) — max max ti) ^ oo, as i ^ oo. 

te[o,ti] St. 

Consider the sequence of rescaled solutions defined by 



(3.16) QdFi;U + ^)-Pi)- 



Notice that under the above rescaling all points pi are shifted to the origin. If 
g,H and A := {hjk} are the induced metric, the mean curvature and the second 
fundamental form of T,t, respectively, then the corresponding rescaled quantities 
are given by 

Consider a sequence of rescaled solutions EJ . They have a property that 
max|ii|<l, forte [-1,0] and |ii|(0,0) = l. 

The above uniform estimates on the second fundamental form yield uniform higher 
order estimates on Fi{-,t) and the Theorem of Arzela-Ascoli gives us a uniformly 
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convergent subsequence Fi^ (•, i) on compact subsets, converging to a smooth F{-,t) 
for every t e [0, 1]. Notice that 

_ _ Gj^ ~ _ A1A2 Ai + A2 

''^"ff, '~g.(Ai + A2)+' 

and therefore by Proposition 13. 12( 



(3.17) \k,\ < 



if Ai, A2 << C 
C, ifAi,A2-g» 



since A2 > — C and Ai is big, comparable to the rescahng constant Qi, if and only 
if A2 is big and comparable to Qi (both Ai and A2 are computed at time ti +t/Qf). 
This implies that F{-,t) solves ■^F{-,t) ~ — Kgi^, where 



(3.18) 



0, if Ai = 0, A2 = 

^i^+e(Ai+A2), ifAi>0, A2>0. 



By Proposition 13 . 1 21 there are uniform constants Ci,C2 so that 

Ai < C1A2 + C2 

which holds uniformly on Ef, for all i > for which the flow exists, which after 
rescaling yields 

(3.19) Ai < Ci~Xl + ^. 

The previous estimate implies that the limiting surface (which we denote by Sq) 
is convex (possibly not strictly convex). There are two possibilities for Y^q: either 
it is a flat plane or it is a non-flat complete weakly convex smooth hypersurface in 
M'^. Let Fq be a smooth embedding of Sq into M.^. Due to our rescaling, the norm 
of the second fundamental form of rescaled surfaces is 1 at the origin and therefore 
So is not a plane, but is strictly convex at least somewhere. It has the property 
that 

sup|i| < C. 

So 

By the results in [9J there is a smooth complete solution St to the mean curvature 
flow 



(3.20) 



ftF{p,t) =-Hu{p,t), peEt, t>Q 
Fip,0) ^Fo. 
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The results in [9] (see Theorems 2.1, 2.3, 3.1 and 3.4, which provide with curvature 
estimates and are of local nature) imply that the curvature of St stays uniformly 
bounded for some short time t e [0,Tq). The evolution for H along the mean 
curvature flow is given by 

= Ai? + iJ MP. 

ot 

As in P], due to the curvature bounds, the mean curvature H satisfies the conditions 
of Theorem 4.3 in [S] (the maximum principle for parabolic equations on complete 
hypersurfaces) and therefore nonnegative mean curvature is preserved along the 
flow. This together with the strong maximum principle implies that if H is not 
identically zero at i = 0, then it becomes strictly positive aX t > 0. We also know 
that Eq satisfles Ai < CX2 for a uniform constant C, which follows from (|3.19p 
after taking the limit as i — s- 00. Since we are assuming Ai > A2 this can be written 
as 

(3.21) hij > rjHgij, 

for some uniform constant rj > and we will say the second fundamental form of 
S is 77-pinched. 

By the curvature bounds, the maximum principle for complete hypersurfaces 
and the evolution for hij — rjHgij it follows that the pinching estimate (j3.2ip is 
preserved by the mean curvature flow (as in [14j). In particular, this implies that 
hij is strictly positive deflnite, which means is strictly convex for t > 0. The 
result of R. Hamilton in [13j states that a smooth strictly convex and complete 
hypersurface with its second fundamental form ?7-pinched must be compact. Hence, 
it follows that St has to be compact for t > 0. In this case, the initial data Sq has 
to be compact as well. 

We recall that Sq is the limit of the hyper-surfaces Sq which are obtained via 
re-scaling from the surfaces Sf^. Hence, since Eq is compact, there are constants 
iojC so that for i > iq, we have 

C 

(3.22) diam(EtJ < ^ as I ^ cx), 
and therefore Et- {p}. 

Claim 3.14. For any point q £ R"^, we have 

|i^^-#^A(iF-,n-2^. 

Proof. Follows by a simple computation. □ 
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By Claim \3A^ \F — p|inax(i) is decreasing along ( |HMCFe| ) and therefore 

Et ^ {p}, as t^T 

which implies that the surface shrinks to a point as as i — s- T. Hence, ^t{'^t) 
ast—^T. It follows by (|3TT|l that T must be given by (|3?3)) . □ 

4. Passing to the limit e ^ 

We will assume in this section that E^ are solutions of the flow dHMCFg] ) which 
satisfy the condition p.4p uniformly in e, with given by ()3.3p . We shall show 
that we can pass to the limit e — > to obtain a solution of the (jHMCF[) which is 
defined up to time 

£^0 An 

The key result is the following uniform bound on the second fundamental form 
A of E,. 

Proposition 4.1. Under assumption for any t < T, there is a uniform 

constant C = C{t) so that 

(4.1) max|v4|(-,i) < C, Ve > and Vte[0,T]. 

where A denotes the second fundamental form of the surface E^ . 

Proof. Assume there is r < T for which (|4.ip doesn't hold. Then, there exist 
sequences ^ r, ^ and pi £ Ej' so that 

Qi := \A\{pi,ti) — max \A\ ^ oo as j ^ oo. 

Sj* x[0,ti] 

Consider, as before, the rescaled sequence of solutions EJ defined by the immersions 
F,{-,t) : IVP R3, 

F,{-,t) :=g,(i^,^(.,i,+ * )-p,). 

Due to our rescaling, the second fundamental form of rescaled surfaces is uniformly 
bounded in i. This uniform estimates on the second fundamental form yield uni- 
form C^-bounds on Fi(-,0) and the Theorem of Arzela-Ascoli gives us a uniformly 
convergent subsequence on compact subsets, converging in the in C^^^-topology to 
a C^'^ surface E defined by the immersion F. 

By Lemma I3.12[ there are uniform constants Ci , C2 so that the estimate 

Ai < C1A2 + C2 
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holds uniformly on S^, for alH > for which the flow exists, and all e, which after 
rescaling yields to the estimate 

Hence, the limiting surface E is convex. There are two possibilities for E, either it 
is a flat plane, or it is a complete convex C^'^-hypersurface. 

Due to our rescaling, the curvatures of the rescaled surfaces EJ are uniformly 
bounded in i. This in particular implies a uniform local Lipshitz condition on 
Fi{M'^ ,0). This means that there are fixed numbers tq and Cq so that for every 
q € Fi{A'P), Fi{Uro,q) (where J7ro,g is a component of F~^{Bro{Fi{q))) containing 
q, and Bj-g is a ball of radius tq in M.^) can be written as the graph of a Lipshitz 
function over a hyperplane in M"^ through Fi(q) with Lipshitz constant less than Cq. 
Notice that both Co and tq are independent of i, they both depend on a uniform 
upper bound on the second fundamental form. This means the limiting surface E 
will satisfy a uniform local Lipshitz condition. 

Lemma 4.2. The limiting hypersurface E is not a plane. 

Proof. Assume that the limiting hypersurface E is a plane. Then, for each i we can 
write E; in a neighbourhood which is a ball -6(0, 1) of radius 1 around the origin as 
a graph of a C^-function u^, over some hyperplane Ti;. In particular, we can choose 
one that is tangent to E^ at the origin. Then 

(4.2) = 

We can choose a coordinate system in each hyperplane so that the second funda- 
mental form and also D^Ui are diagonal at the origin. The function Ui is a height 
function that measures the distance of our surface from the hyperplane Hi. We 
also have that Ui — > u as i — s- oo and Ui{0) — for all i. If E were a plane then 
ii = and \Dui\ = which would imply = 0. Take e > very small. Then 

there would exist zq so that for i > io, \ui\Qi.i < e on -6(0, 1) C E^. Since we have 
(|4.2p . the last estimate would contradict the fact |Ai|(0, 0) = 1, that is valid by the 
way we rescaled our solution. □ 

It follows from the previous lemma and the discussion above that E is a complete 
convex, non-flat C^'^-surface that satisfles Ai < CX2, whenever those quantities 
are defined (since a surface is C^'^, the principal curvatures are defined almost 
everywhere). Because of our uniform curvature estimates of the rescaled sequence, 
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S is a uniformly locally Lipschitz surface. By the results in 9] there is a solution Ft 
of the Mean Curvature flow (|3.20|) with initial data S on some time interval [0, Ti) 
and Ft is smooth for t > 0. We can now carry out the same argument as in the 
proof of Theorem 13.11 to show that E has to be compact. That would mean that 
for j » 1, 

C C 

(4.3) diam (S'^ ) < — and area (if' ) < — 

for a uniform constant C. Since Tj t < T, (|4.3p and Lemma 13.131 contradict 
p.ip . This shows that (|4.ip holds true, therefore finishing our proof. □ 

We will now show that because of (|4.ip we can pass along subsequences — > 
and show that the solutions Ej' converge to a solution St of (|HMCF|) . 

Observe first that since dF^/dt ~ — (k + e H)v, by Proposition 14. II we have that 
\dF^ldt\ < C, uniformly in e. Hence, -Fe is uniformly Lipshitz in t. Combining this 
with Proposition 14.11 and the assumption (|3.4p , we conclude that for every t < T 
there is a subsequence and a 1-parameter family of C^'^ surfaces F{-,t), so 
that F^. — > in the C^'^ norm, dF^./dt dF/dt in the weak sense and F satisfies 

dF 

(4.4) ^ = -^''- 



Due to (|3.4p our solution has the property that 
(4.5) essmiY.,x[o,T)H > S. 

Claim 4.3. The limiting solution of does not depend on the sequence e; — > 0. 



Proof. Consider the evolution of a surface Et by a fully-nonlinear equation of the 
form 

(4.6) 

where hij is the second fundamental form and J- is a function of the eigenvalues 
of {hij}, which we denote by Ai,A2 and assume that Ai > A2. Let ^ — X2/X1 and 
take 



(4.7) ^(A2,/i) = 
which we can be written as 

(4.8) .F(/iy-) ^ 



Ai A2 A2 

A1+A2 ~ 

A2 



for ^ > —Si 
otherwise 



K, for Hgij > (1 - Si)htj 



H+VH-^-4G otherwise. 

1 — 01 ' 
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We can also consider solutions of ()l.ip in the viscosity sense (defined in [6] and 
[To]). In that case ()4.6p can be written in the form 



(4.9) Ut = < 



un 



div(^) ' ^hen div(^)5., > (1 - <5i)A(^) 

div(^) + ^div(j^)-4dct(r>.(|^)) 



otherwise. 



Equation ()4.9|) can be expressed as 

(4.10) Ut + J^i(t, Vu, V^m) = 0, 

with 

Hdet(X-^^(X^ 
> trace((/-^®^).X) 



if 



and 



^•t-c((/-^«^).x)>(i-M(^-x.^«^; 



^i(t,p,X) =^ (p(trace((% " p ® 



,i^[(trace((<5., - ^ ® ^)X))2 - i- det(X - ^^-^ ® 

bP \p\ \p\ \p\ \p\ \p\ 



otherwise. 

Notice that the lower bound (|4.5p together with our curvature pinching estimates 
(that follow from the Proposition [232) imply that 

H gij > (1 - Si)hij 

for some 1 > (5i > 0. This implies that we can view a solution to (|4.4p as a 
solution to (|4.6p with F as in (|4.8p . The function J^i(t,p, X) is continuous on 
(0, T) X R2\{0} X S'2x2^ it satisfies the conditions of Theorem 7.1 in 6J and 
is a degenerate parabolic geometric equation in the sense of Definition 5.1 in [6]. 
Theorem 7.1 in 6, shows the uniqueness of viscosity solutions to (|4.10p . The C^'^ 
solution on [0, T) constructed above is a viscosity solution to (|4.10p and by the 
uniqueness result it is the unique C^'^ solution to (|4.4p . This means that the 
limiting solution of (|4.4p does not depend on the sequence ^ 0. □ 
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5. Radial case 

In this section we will employ the results from the previous section to completely 
describe the long time behaviour of (|l.ip in the case of surfaces of revolution, 
r = fix,t) around the a;-axis. For such a surface of revolution the two principal 
curvatures are given by 

1 f^^ 
(5.1) Ai — —Y and A2 



Therefore, 



and 



= Ai + A2 = //^^ + + 1 > 



G — Ai A2 — 



When the surface evolves by f{x,t) evolves by 

^'■'^ = -ffJTp. + i- 

We will consider solutions f{-,t) on an interval It — [at,bt] C [0,1] such that 
f{at, t) = f{bt, t) = 0, / > and # = -ffxx + + 1 > 0. From ([51]) we see that 
Ai > and A2 changes its sign, depending on the convexity of /. The linearization 
of (|5.2p around a point / is 

(r o\ f _ 1 + /x f 2 fx, fxx f fxx 7 

[^■'^J Jt — Jxx Jx + ~f^J 

which is uniformly parabolic when H is away from zero, no matter what is the sign 
of the smaller eigenvalue A2. 

Theorem 5.1. Assume that at time t = 0, Eq is a C^'^ star-shaped surface of 

revolution r = /(x,0),, for x £ [0,1], /(0,0) = /(1,0) = 0, /(•,0) > and H > 0. 

Then, the flow exists up to the maximal time 

^ ^ Ato(So) 
An 

when the surface Ej contracts to a point. Moreover, the surface becomes strictly 
convex at time ti < T and asymptotically spherical at its extinction time T . 

Since the equation is strictly parabolic when H > 0, the short time existence of 
a smooth solution on some time interval [0, t], follows by classical results. Having 
a smooth solution to (jl.ip on [0,r] implies that we have a smooth solution f{-,t) 
to (|5.2p . By the comparison principle, f{x,t) is defined on /( = [at,bt] C [0,1] 
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and f{at,t) — f{bt,t) = 0. Since the surface is smooth and H > on [0,t], the 
expressions for Ai and A2 in (15. ip yield to the bounds 

hmsup/ l/^l < Ci{t) and hmsup/ |/^| < C2{t), for < i < r. 

X — *at X — >bi 

In the next lemma we will show that the above bounds do not depend on the lower 
bound on H, but only on the initial data. 

Lemma 5.2. Assume that the solution f is smooth on [0,to), for some to < T 
and H > on [0,to)- Then, there exists a uniform constant C, depending only on 
initial data, so that 

(5.4) f^fl<C, for allte[0,to). 

Proof. We will bound /J from above by the maximum principle. Let us compute 
its evolution equation. We first compute the evolution of fx by differentiating (|5.2p 
in X. We get 

fxxx fx) ^ fx fx 



I XX 



(5.5) {fx)t ^2 

which yields the following equation for 

I _ fxxx fx (1 + fx) ~ /J^ ^ iifx)xx — 2/^j.) (1 + /J) — 2/^/^^ 

^■'xJt — ^2 ^ jj2 

{fx)xx (1 ~^ /x) ~ "^fxfxx ~ '^fxx 

The function satisfies the equation 

/ f2\ _ if )xx ~ 2/3. 

■ 

Combining the last two equations we obtain 



_ (/a (1 + /a: ) ^fxfxx '^fxx j2 ^ 2 fxxffc 



H2 H2 

iPf!)xx{l + Px) {l + fl){{f^)xxfl-2{fl)x{f^)x) , ^ Jxxffl 
H2 ^2 H2 

Let t < to- We distinguish the following two cases: 

Case 1. The (/^/J)max(i) is attained in the interior of {at,bt). Then, at that point 
{f'^fx)x = 0, which implies (since f{-,t) > in the interior) that 

(5.6) /J = -ffxfxx- 
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Hence, the maximum principle implies the differential inequality 
(5.7) = -8 ^ ^J^'-'^ -24^ < 0. 

Case 2. The (/^/J)max(i) is attained at one of the tips {af,&f}. Assume it is 
attained at at- The point of the surface Sf that arises from x = at can be viewed 
as the interior point of around which our surface is convex. We can solve 
locally, around the point x = at (say for x G [at,Xt]) the equation y — f{x,t) 
with respect to x, yielding to the map x = g{y,t). Notice that ffx = y/gy and 
that X = at corresponds to y = 0. Since {f{x,t)\x G [at,Xt]} U {—f{x,t)\x G 
[at,Xt]} is a smooth curve, we have that x = g{y,t) is a smooth graph for y e 
[—f{xt,t),f{xt,t)]. If attains its maximum somewhere in [at,Xt), then 

y^/gy attains its maximum in the interior of {—f{xt,t),f{xt,t)). 

We will now compute the evolution of y'^/gy from the evolution of /J. Since 



9v{y,t) 

from the evolution of p we get 

aUt alH^ \9lJ,, glH^ \ gl WyJ, J g^H^ 

By direct computation we have 

n and iy\ = ^ and z/.. = 

and 

f y'^\ _(y^\ (y^\ 9vv _j /„.2n _ 2 2ygyy 



and {y )xx = 



^9y J \9yJ yy \9y J y 9y 9y 9y 



Combining the above yields to 

(y^\ ^ (gg + l) (y^\ 9yyi^+9l) 

WyJt 9lH^ WyJyy Wyjy g^H^ 

(1 / 2 ^ygyy\ 2ygyy 

gim Wy 9l J glH^ 
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which can be re-written it as 



9yJt 9vH^ ^^v'yy WyJy 9lH^ 

At the maximum point of y^ j g^ we have 

V^9y9yy = yg^- 

This together with the maximum principle applied to (j5.8p yield to the differential 
inequality 

,5.,) l(yl) ,„^-i(it|ll-^^o. 



^^y ' max yy yy 

Estimates ([E7)) and imply that {pf^){x,t) < C, for aU x £ [at,bt] and aU 
t < to, where C is a uniform constant independent of time. This finishes the proof 
of the lemma. □ 

Corollary 5.3. Let T — /io(So)/47r be as in Theorem \ 5.1l Then, there exists a 
uniform constant S, depending only on the initial data, so that H > S > 0, for all 
tG[0,T). 

Proof. It is enough to show that if > on [0,to), then H > 5 > there. We 
recall that Ai = 1//(1 + fxY^"^- Hence, the estimate (15.41) yields to the bound 

(5.10) Ai > c> on Et, for t e [0, to). 

Since iJ Ai + A2, if A2 > 0, then H > Xi > c. If A2 < and H < c/2 (otherwise 
we are done) by (|5.10p we have 

Ai-|A2|<|=>|A2|>^. 



Observe next that Lemma 13.51 implies the bound 
A1IA2I 



< C, for a uniform constant C. 



- C - 2C 



H 

Hence 

In any case, we have 

. f c 

H > min < — , — - 
\2'2C 

which shows our lemma with S := min{|, O 



32 PANAGIOTA DASKALOPOULOS* AND NATASA SESUM* 

Lemma 5.4. Let [0, T) be the maximal interval of existence of a solution to 
Then, maxsj \A\ becomes unbounded as t ^ T . 

Proof. Assume that supj^^ \ A\ < C, for all t S [0,T) and write 

with H = -ffxx + /:? + !• Then H <C (since |^| is bounded) and i? > (5 > (by 
the previous result). Hence, 

Cl < < C2 

H 



which implies 



We can rewrite it as 



/(I + flY'^ - H - /(I + /J)i/2 



1 + P 

(5.11) ciAi<^^<c2Ai 

H 

which together with (|5.10p and < C imply the bounds 

1 + f 

(5.12) Cl < —M < C2 

H 

for uniform constants Ci, C2, for all t G [0,T). This means the linearization (|5.3p 
of (|5.2p is uniformly elliptic on time interval [0,T). If our surface of revolution 
at time t is given by an embedding F{T,,t), which is a solution to (|l.ip . \A\ < C 
implies \F\q2 < C on the time interval [0,T) and the speed |k| < C (we will use 
the same symbol C to denote different uniform constants). It is easy to see that 
F{-,t) converges to a continuous Umit F{-,T) ast^T, since 

|F(x,ti)-i^(x,t2)| < f ' \i^\dt<C\ti-t2\. 



Due to 



\^^9.,\' = \2h,,K\'<MA\^n^<C 



and [H] we have that F{-, T) represents a surface. It is a C^^^ surface of revolution 
r = f{x,T) around the x-axis that comes as a limit as t — > T of surfaces of 
revolution r — f{x, t). Take < e << 6t — arbitrarily small. Consider /(r, t) on 
a; e [flt + e, 6t — e], that is, away from the tips x = at and x — bt where / = and 
fx becomes unbounded. Since our solution is C^'^, ci < f{r,T) < C2 and If^l < C3, 
at time t = T and for x G [ax + e, 6t ^ e]j where ci, C2, C3 all depend on e. Due 
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to ()5.12p . equation ()5.2p is uniformly parabolic and standard parabolic estimates 
yield 

(5.13) \f{-,T)\ck <C{e,k), forevery k> and xe[aT + £,bT~£]. 

We can repeat the previous discussion to every e > to conclude that our surface 
is smooth for x G (a^, bx). By writing our surface locally as a graph x = g{y, t) 
around the tips (at which our surface is strictly convex), we can show that our 
surface is smooth at the tips as well (similar methods to those discussed above 
apply in this case). □ 

The same proof as the one for the flow (HMCFg) which was presented in the 
previous section, shows that our radial surface St shrinks to a point at T = , 
where /io(So) is the total area of Sq. In particular, this means f{x, <) — )■ as t ^ T. 

We will show next that at some time ti < T the surface St^ becomes strictly 
convex. This will follow from the next lemma. 

Lemma 5.5. Assume that f is a solution of the HMCF on [0, T). Then, there 
exists a constant c> 0, independent oft, such that f{x,t) > c, at all points {x,t), 
with <t <T and fxx{x, t) > 0. 

Proof. Fix t < T . Since our surface is convex around the tip x = at we have 
fxx < there. Let ct be the largest number in [at, bt] so that St is strictly convex for 
X € [at, Ct]. If Ct = bt, then St is convex and we have nothing to show. Otherwise, 
fxx{x, t) < for at < X < Ct and fxx{x, t) > in (ct, Ct + Ct) for some et > 0. Hence, 
fx{-,t) is increasing in x, for x e (q, ct + tt)- 

Consider the function fx{-i t) on the interval x e [ct, bt). From the above discus- 
sion and the fact that limx^fjt fx{x, t) — —oo, we conclude that the maximum 

M{t) := max{/x(x,t), x e [ct,bt]} 

is attained in the interior of [cf , bt]. Recall the evolution equation for f^ to be 

/ f \ _ fxxxj^ ~^ /x) _ fx fxx 
^Mt- ■ 

Hence, assuming that M{t) > 0, the maximum principle implies that M'{t) < 0. 
This shows that f^ is uniformly bounded from above on [ct,6t]- Since a similar 
argument can be applied near the other tip bt, we finally conclude that [fx\ is 
uniformly bounded in the non-convex part (if it exists) away from the tips. 
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We will now conclude the proof of the lemma. Assume that fxx{x, t) > 0, which 
holds in a non-convex part of our evolving surface. At that point, we have 

Since A2 < 0, Lemma 13.81 implies the bound 

which reduces to the the bound 

in the non-convex part where < C, uniformly in t. This finishes the proof of the 
lemma. □ 



We will now conclude the proof of Theorem I5.il Since f{x,t) — > as i — > T, 
with T = Wil^ , there is some time ti<T so that 

Q 

fix,t) < -, for all X e [at,bt] 

where c > is the constant taken from Lemma 15.51 Hence, by Lemma 15.51 the 
surface Et is convex for t > ti. Since > (5 > for all t < T, the surface Et^ is 
strictly convex. The result of Andrews in ^] , implies that E( shrinks asymptotically 
spherically to a point as t — s- T. 
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